Abstract. In 1945, R. Fox introduced the so-called Fox torus homotopy groups in which the usual homotopy groups are embedded and their Whitehead products are expressed as commutators. A modern treatment of Fox torus homotopy groups and their generalization were given by the authors in an earlier work. In this note, we further explore these groups and their properties. We discuss co-multiplications on Fox spaces and a Jacobi identity for the generalized Whitehead products.
Introduction
First, we recall from [2] , [3] the definition of the n-th Fox torus homotopy group of a pointed space X, for n ≥ 1. Let x 0 be a basepoint of X, then τ n (X, x 0 ) = π 1 (X T n−1 , x 0 ) where X T n−1 denotes the space of unbased maps from the (n − 1)-torus T n−1 to X and x 0 is the constant map at x 0 . When n = 1, τ 1 (X, x 0 ) = π 1 (X, x 0 ).
To re-interpret Fox's result, we showed in [5] that the group of homotopy classes of basepoint preserving maps from the reduced suspension of T n−1 adjoined with a distinguished point to X.
As a result, we call F n = Σ(T n−1 ⊔ * ) the n-th Fox space with F 1 = S 1 the circle. Section 1 takes up the study of Fox torus homotopy groups of spheres, Eileberg-MacLane, and Fox spaces. Section 2 explores Fox spaces F n and their co-multiplication sets C(F n ) for n ≥ 1.
In [5] it is shown, in the spirit as in [2, 3] , that the generalized Whitehead product given by M. Arkowitz [1] when embedded in the same spirit as [1] in a larger (and different) group is a commutator as well. Section 3 is concerned with a Jacobi identity for the generalized Whitehead product studied in [11, 12] . We follow [10] to shed some new light in the proof of Theorem 3.3 on that identity by means of generalized Fox torus groups studied in [5] .
Fox spaces
One of the main results of [3] is the following split exact sequence:
where α i is the binomial coefficient
Using (1.1), the following is easy to verify. Proposition 1.1. For any well-pointed space X with basepoint x 0 , τ k (X, x 0 ) = 1, for all k ≤ n if and only if π k (X,
As already pointed out in [3] , one can define a Hurewicz homomorphism ρ n : τ n (X, x 0 ) → H n (X; Z), where Z is the group of integers. It follows from Proposition 1.1 that the (absolute) Hurewicz Isomorphism Theorem holds for the torus homotopy groups as in the classical case.
generally, we use (1.2) to obtain
Example 1.3. Let X = K(π, n) be an Eilenberg-MacLane space of type (π, n) for some abelian group π and n ≥ 2. It follows from (1.1) that
where there are (k +1) copies of π n (X) in the iterated semi-direct product. Furthermore, the semi-direct structure comes from the Whitehead products which are all trivial since X = K(π, n). Hence, we conclude that τ n+k (X) is a direct sum, i.e.,
Next, we show that the wreath product ≀ appears in the second torus homotopy group of the Fox space F n . Example 1.4. For any positive integer n, consider the n-th Fox space F n . It was shown in [5] that F n has the homotopy type of a bouquet of spheres. More precisely,
where γ i is the binomial coefficient
. It follows that π 1 (F n ) ∼ = Z and
whereF n denotes the universal cover of F n . Now, (1.1) leads to the wreath product
since the action of π 1 on the universal cover is the translation along the real line which covers the only copy of
provided that m ≤ n. Therefore, we derive Proposition 1.5. Let m ≤ n. Then, there is an inclusion of groups
for k ≥ 1.
Generalized Fox torus groups and co-multiplication
In this section, we further explore the Fox spaces and examine comultiplications on them.
The functor τ n was generalized in [5] as follows.
Definition 2.1. Let X be a space and x 0 ∈ X. For any space W , the W -Fox group of X is defined to be
It is clear that τ W reduces to τ n when W = T n−1 . For any n ≥ 1, the n-th Fox space F n has the homotopy type of ΣT n−1 ∨ S 1 . In fact, the natural isomorphism
from the split exact sequence (1.2) yields Proposition 2.2. For any integer n > 1, we have a homotopy equivalence
We can further generalize Proposition 2.2 by the following construction. For any well-pointed compactly generated Hausdorff space W , we let
Then, for any n ≥ 2,
with
for any well-pointed compactly generated Hausdorff space W .
The definition of τ W prompts another generalization of the Fox space as follows. Namely, for any n ≥ 2, we let
It follows that when
WhileF n (S 1 ) and F n (S 1 ) are homotopy equivalent, they are not as co-H-spaces. To see that compare [
Following e.g., [4, Proposition 1.1], the kernel of the obvious epimorphism
is in 1-1 correspondence with the set C(F n (S 1 )) of co-multiplications on the co-H-space
we get the epimorphism
where Z * Z is the free group with two generators.
In particular, for
Hence, we can derive Corollary 2.4. There are bijections C(
′ , where (Z * Z) ′ denotes the commutator subgroup of Z * Z which is an infinitely generated group.
where J m ⊆ J is a finite subset for m ≥ 1. Hence, we can make use of Hilton's formula [7] to state Remark 2.1. The set of multiplications C(F n (S 1 )) might be expressed by means of homotopy groups of appropriate spheres for n ≥ 1.
Define for any well-pointed space W and n ≥ 1,
Note that τ W n (X) = τ W n−1 (X) as in Definition 2.1. Similar to the Fox space, the co-multiplication ofF n (W ) that yields τ W n is given by the following split exact sequence which can be deduced from [5, Theorem 3.1]:
which is the same as
Here, P n (W ) = W n /W n−1 is the n-fold pinched space of W .
is the semidirect product with respect to a natural action
, the identity map id X is sent to the corresponding co-action
, X] for any space X yields a homotopy equivalencê
Now, write ν : ΣP n−1 (W ) → ΣP n−1 (W )∨ΣP n−1 (W ) for the suspension co-multiplication on ΣP n−1 (W ) and ν n−1 :F n−1 (W ) →F n−1 (W ) ∨ F n−1 (W ) for the co-multiplication onF n−1 (W ).
Then, the maps
lead to the suspension co-multiplication
on the spaceF n (W ). Thus, we have shown Theorem 2.5. For any n > 1, the co-multiplication on the homotopy typeF n (W ) ≃ ΣP n−1 (W ) ∨F n−1 (W ) of the spaceF n (W ) that corresponds to the group structure on τ W n is given by the map constructed above
Recall from [5] that the n-th Fox space F n =F n (S 1 ) has the same homotopy type, as pointed spaces, of the pinched torus T n /T n−1 and by Proposition 2.2, F n ≃ ΣF n−1 ∨ F n−1 . Hence, in light of Theorem 2.5, we derive Corollary 2.6. The co-multiplication on the homotopy type F n ≃ ΣF n−1 ∨F n−1 of the Fox space F n that corresponds to the group structure on τ n might be constructed inductively.
We end this section by noting that P n (W ) is not homotopy equivalent toF n (W ) in general. For example,
Jacobi identity for generalized Whitehead products
In 1954, M. Nakaoka and H. Toda [10] proved a Jacobi identity for the classical Whitehead products involving elements in higher homotopy groups. In fact, they gave two such proofs one of which made use of the Fox torus homotopy groups. In 1961, P. Hilton [8] extended that identity by allowing elements from the fundamental group. Then, J.W. Rutter [11, 12] presented two proofs to a Jacobi identity for the generalized Whitehead product of M. Arkowitz [1] . In this section, we follow [10] to re-prove the Jacobi identity of [11] using the generalized Fox torus groups studied in [5] .
Let A and B be pointed spaces. Via the projections 
which, when restricted to ΣA ∨ ΣB, is homotopic to a constant. Here, f : ΣA → X, g : ΣB → X are maps representing α and β, respectively and
Using the co-multiplication of Σ(A × B), K is a well-defined map. It is easy to observe that [α, β] = (Σt) * [β, α], where t : A∧B → B∧A is the switching equivalence of smash products.
In [5] , we gave another interpretation of Arkowitz's generalized Whitehead product as follows. 
For any group G, Hall [6, p. 150, 10.2.1.4] established the following Jacobi identity for elements a, b, c ∈ G:
where (x, y, z) = ((x, y), z), (x, y) denotes the commutator xyx −1 y −1 and x y = y −1 xy for x, y, z ∈ G. Furthermore, it can be easily shown
To state a Jacobi identity for the generalized Whitehead product, we first recall from [9, Proposition 3] the following Proof. Based upon the discussion above, we may assume that α, β, γ ∈ τ A×B×C (X). Thence, by (⋆), we get 
